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We study the non-linear gravitational clustering of collisionless particles in an expanding back-
ground using an integro-differential equation for the gravitational potential. In particular, we address
the question of how the non-linear mode-mode coupling transfers power from one scale to another
in the Fourier space if the initial power spectrum is sharply peaked at a given scale. We show that
the dynamical equation allows self similar evolution for the gravitational potential φk(t) in Fourier
space of the form φk(t) = F (t)D(k) where the function F (t) satisfies a second order non-linear dif-
ferential equation. We provide a complete analysis of the relevant solutions of this equation thereby
determining the asymptotic time evolution of the gravitational potential and density contrast. The
analysis shows that both F (t) and D(k) have well-defined asymptotic forms indicating that the
power transfer leads to a universal power spectrum at late times. The analytic results are compared
with numerical simulations showing good agreement.
If power is injected at some scale L into an ordinary
viscous fluid, it cascades down to smaller scales because
of the non-linear coupling between different modes. The
resulting power spectrum, for a wide range of scales, is
well approximated by the Kolmogorov spectrum which
plays a key useful role in the study of fluid turbulence.
It is possible to obtain the form of this spectrum from
fairly simple and general considerations though the ac-
tual equations of fluid turbulence are intractably compli-
cated.
In this paper, we address the corresponding question
for non-linear gravitational clustering of collisionless par-
ticles in an expanding background: If power is injected
at a given length scale very early on, how does the dy-
namical evolution transfer power to other scales at late
times? In particular, does the non-linear evolution lead
to an analogue of Kolmogorov spectrum with some level
of universality, in the case of gravitational interactions?
We will show that the answer is essentially in the af-
firmative. If power is injected at a given scale L = 2π/k0
then the gravitational clustering transfers the power to
both larger and smaller spatial scales. At large spatial
scales the power spectrum goes as P (k) ∝ k4 as soon as
non-linear coupling becomes important. (This result is
known in literature; see for example [1, 2].) More inter-
estingly, the cascading of power to smaller scales leads
to a universal pattern at late times just as in the case
of fluid turbulence. By studying the relevant equations
we will show that the gravitational potential has the form
φk(t) = F (t)D(k) where F (t) satisfies a non-linear differ-
ential equation and D(k) satisfies an integral equation.
We analyze the relevant equations analytically as well
as verify the conclusions by numerical simulations. The
study confirms that non-linear gravitational clustering
does lead to a universal power spectrum at late times if
the power is injected at a given scale initially.
While the gravitational evolution of collisionless par-
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ticles in an expanding background is of considerable im-
portance in cosmology, it is probably fair to say that our
analytic understanding of this problem is rather patchy.
(For a general review of statistical mechanics of gravitat-
ing systems, see [3]; previous work on analytic approx-
imations include Zeldovich-like approximation [4], per-
turbative techniques [5], and non-linear scaling relations
[6] among many other approaches.) In cosmology there
is very little motivation to study the transfer of power
by itself and most of the numerical simulations in the
past concentrated on evolving broadband initial power
spectrum.
We shall now provide the mathematical details of our
formalism. If xi(t) is the trajectory of the i−th particle,
then equations for gravitational clustering in an expand-
ing universe in the Newtonian limit can be summarized
as
x¨i +
2a˙
a
x˙i = −
1
a2
∇xφ; ∇
2
xφ = 4πGa
2ρbδ (1)
where ρb(t) is the smooth background density of matter.
Usually one is interested in the evolution of the density
contrast δ (t,x) ≡ [ρ(t,x) − ρb(t)]/ρb(t) rather than in
the trajectories. Since the density contrast in the Fourier
space δk(t) can be related to the trajectories of the parti-
cles, one can obtain an equation for δk(t) from the above
equation. This equation, in turn, will involve the veloc-
ities of the particles and hence will not be closed. It is
however possible to provide a closure condition for this
equation using the following two facts. (a) At any given
time t, particles which are already part of a bound, viri-
alized cluster do not contribute significantly to the non-
linear terms. (b) The velocities of the remaining particles
can be very well approximated by the Zeldovich ansatz
which takes the velocities to be proportional to the gra-
dient of the gravitational potential. Given this ansatz,
it is possible to write down a closed integro-differential
equation for the evolution of gravitational potential φk(t)
in the Fourier space. (The details of this derivation can
be found in the companion paper [2] and will not be re-
2FIG. 1: The solution to Eq. (5) is plotted in both the g − a plane and the u − g plane. The function g(a) asymptotically
approaches unity with oscillations which are represented by the spiral in the right panel. The different curves in the left panel
correspond to the rescaling freedom in the initial conditions. The entire family of solutions is represented by a single curve in
the u− g plane. One fiducial curve which was used to model the simulation is shown in the red.
peated here.) The final equation is
φ¨k + 4
a˙
a
φ˙k = −
1
3a2
∫
d3p
(2π)3
φ 1
2
k+pφ 1
2
k−pG(k,p)
G(k,p) =
7
8
k2 +
3
2
p2 − 5
(
k · p
k
)2
(2)
This equation governs the dynamical evolution of the
system but, of course, is intractably complicated. In ad-
dition to the obvious difficulty of solving an integro dif-
ferential equation, we also need to tackle the issue of
incorporating appropriate initial conditions, which will
influence the evolution at the early stages. (Some re-
sults based on perturbation solution to this equation are
discussed [2].) Our aim is to look for late time scale
free evolution of the system exploiting the fact that the
above equation allows self similar solutions of the form
φk(t) = F (t)D(k). Substituting this ansatz into Eq. (2)
we obtain two separate equations for F (t) and D(k). It
is also convenient at this stage to use the expansion fac-
tor a(t) = (t/t0)
2/3 of the matter dominated universe as
the independent variable rather than the cosmic time t.
Then simple algebra shows that the governing equations
are
a
d2F
da2
+
7
2
dF
da
= −F 2 (3)
and
H20Dk =
1
3
∫
d3p
(2π)3
D 1
2
k+pD 1
2
k−pG(k,p) (4)
Equation (3) governs the time evolution while Eq. (4)
governs the shape of the power spectrum. (The sepa-
ration ansatz, of course, has the scaling freedom F →
µF,D → (1/µ)D which will change the right hand side
of Eq. (3) to −µF 2 and the left hand side of Eq. (4) to
µH20Dk. But, as to be expected, our results will be inde-
pendent of µ; so we have set it to unity). Our interest lies
in analyzing the solutions of Eq. (3) subject to the initial
conditions F (ai) = constant, (dF/da)i = 0 at some small
enough a = ai.
Inspection shows that Eq. (3) has the exact solution
F (a) = (3/2)a−1. This, of course, is a special solution
and will not satisfy the relevant initial conditions. How-
ever, Eq. (3) fortunately belongs to a class of non-linear
equations which can be mapped to a homologous system.
In such cases, the special power law solutions will arise
as the asymptotic limit. (The example well known to as-
tronomers is that of isothermal sphere [7]. Our analysis
below has a close parallel.) To find the general behaviour
of the solutions to Eq. (3), we will make the substitution
F (a) = (3/2)a−1g(a) and change the independent vari-
able from a to q = log a. Then Eq. (3) reduces to the
form
d2g
dq2
+
1
2
dg
dq
+
3
2
g(g − 1) = 0 (5)
This represents a particle moving in a potential V (g) =
(1/2)g3 − (3/4)g2 under friction. For our initial condi-
tions the motion will lead the “particle” to asymptoti-
cally come to rest at the stable minimum at g = 1 with
3FIG. 2: Left panel: The results of the numerical simulation with an initial power spectrum which is a Gaussian peaked at
L = 24. The y-axis gives ∆k where ∆
2
k = k
3P (k)/2pi2 is the power per logarithmic band. The evolution generates a well known
k4 tail at large scales (see for example, [11]) and leads to cascading of power to small scales. Right panel: The simulation data
is re-expressed by factoring out the time evolution function g(a) obtained by integrating Eq. (5). The fact that the curves fall
nearly on top of each other shows that the late time evolution is scale free and described by the ansatz discussed in the text.
The rescaled spectrum is very well described by P (k) ∝ k−0.4/(1 + (k/k0)
2.6) which is shown by the completely overlapping,
broken blue curve.
damped oscillations. In other words, F (a) → (3/2)a−1
for large a showing this is indeed the asymptotic solu-
tion. From the Poisson equation in Eq.(1), it follows
that k2φk ∝ (δk/a) so that δk(a) ∝ g(a)k
2D(k) giv-
ing a direct physical meaning to the function g(a). The
asymptotic limit corresponds to a rather trivial case of
δk becoming independent of time. What will be more in-
teresting — and accessible in simulations — will be the
approach to this asymptotic solution. To obtain this, we
introduce the variable v = 2(dg/dq) so that our system
reduces to the “phase space” equations
v˙ = −
1
2
v − 3g(g − 1); g˙ =
v
2
(6)
where the dot denotes differentiation with respect to q.
Dividing the first equation by the second and changing
variables to u = (v + g), we get the first order form of
the autonomous system to be
du
dg
= −
6g(g − 1)
u− g
(7)
The critical points of the system are at (0, 0) and (1, 1).
Standard analysis shows that: (i) the first one is an un-
stable critical point and the second one is the stable criti-
cal point; (ii) for our initial conditions the solution spirals
around the stable critical point.
Figures 1(a) and 1(b) describe the solution in the g−a
and u − g planes. The g(a) curves clearly approach the
asymptotic value of g ≈ 1 with superposed oscillations.
The different curves in Fig 1(a) are for different initial
values which arise from the scaling freedom mentioned
earlier. (The thick red line correspond to the initial con-
ditions used in the simulations described below.). Fig
1(b) shows this family of solutions in the u− g plane. As
usual, in going from the second order equation for g to
the first order equation in u − g plane, we map a fam-
ily of solutions to a single curve [7]. The stable critical
point acts as an attractor. The solution g(a) describes
the time evolution and solves the problem of determining
asymptotic time evolution.
To test the correctness of these conclusions, we per-
formed a high resolution simulation using the TreePM
method [8, 9] and its parallel version [10] with 1283 par-
ticles on a 1283 grid. We used a cubic spline softened
force with softening length ǫ = 0.4 to ensure collisionless
evolution in the simulations. We computed all relevant
statistics at scales L larger than 2ǫ to avoid errors due
to the force softening. Details about the code param-
eters can be found in [9]. The initial power spectrum
P (k) was chosen to be a Gaussian peaked at the scale
of kp = 2π/Lp with Lp = 24 grid lengths and with a
standard deviation ∆k = 2π/Lbox, where Lbox = 128
grid lengths is the size of one side of the simulation vol-
ume. The amplitude of the peak was taken such that
∆lin (k = kp, a = 0.25) = 1.
4The late time evolution of the power spectrum (in
terms of ∆2k ≡ k
3P (k)/2π2 where P = |δk|
2 is the power
spectrum of density fluctuations) obtained from the simu-
lation is shown in Fig 2(a). In Fig 2(b), we have rescaled
the ∆k, using the appropriate solution g(a). The fact
that the curves fall on top of each other shows that the
late time evolution indeed scales as g(a) within numerical
accuracy. A reasonably accurate fit for g(a) used in this
figure at late times is given by
g(a) ∝ a(1− 0.3 lna) (8)
The key point to note is that the asymptotic time evo-
lution is essentially δ(a) ∝ a except for a logarithmic
correction, even in highly non-linear scales. (This was
first noticed from somewhat lower resolution simulations
in [11].). Since the evolution at linear scales is always
δ ∝ a, this allows for a form invariant evolution of power
spectrum at all scales. Gravitational clustering evolves
towards this asymptotic state.
This behaviour is fairly generic and we have performed
a series of simulations with different initial conditions to
test this claim. Fig. 3 shows ∆k scaled by g(a) for a
simulation where we have initial power concentrated in
two narrow windows in k-space. In addition to power
around Lp = 24 grid lengths as in the previous case, we
added power at k1 = 2π/L1 (L1 = 8 grid lengths) using
a Gaussian with the same width as before. Amplitude
at L1 was chosen to be five times higher than that at
Lp, which means that ∆lin(k1, a = 0.05) = 1. The fact
that the curves fall on top of each other in this case too
shows that the late time evolution indeed scales as g(a),
independent of initial conditions.
The form of the power spectrum in Fig. 2 is well ap-
proximated by
P (k) ∝
k−0.4
1 + (k/k0)2.6
;
2π
k0
≈ 4.5 (9)
This fit is shown by the broken blue line in the figure
which completely overlaps with the data and is barely
visible. (Note that this fit is applicable only at L < Lp
since the k4 tail will dominate scales to the right of the
initial peak; see the discussion in [11]). At non-linear
scales P (k) ∝ k−3 making ∆k flat, as seen in Fig.2. (This
is not a numerical artifact and we have sufficient dynamic
range in the simulation to ascertain this.) At quasilinear
scales P (k) ∝ k−0.4. The power spectrum in Fig. 3 is
also well-approximated by Eq. (9), excepting for the fact
that the scale 2π/k0 ≈ 4.1 in this case. A lower value for
the scale is to be expected because of the additionally
injected power at the lower scale L1.
The effective index of the power spectrum varies be-
tween −3 and −0.4 in this range of scales for which the
fitting function has been provided. To the lowest order of
accuracy, the power spectrum at this range of scales is ap-
proximated by the mean index n ≈ −1 with P (k) ∝ k−1.
This index has a simple interpretation [11, 12]. The
FIG. 3: The results of a numerical simulation with an initial
power spectrum which has two Gaussians peaked at L = 24
and L = 8. The figure has been plotted by factoring out
the time evolution function g(a) (Eq. (5)) from ∆k. The fact
that the curves fall nearly on top of each other in this case
as well shows that the late time evolution is scale-free and
is described by the ansatz discussed in the text, independent
of initial conditions. The rescaled spectrum is once again
described by P (k) ∝ k−0.4/(1 + (k/k0)
2.6) which is shown by
the completely overlapping, broken blue curve.
ensemble-averaged gravitational potential energy of fluc-
tuations per unit volume is given by
E ∝
1
V
∫
V
d3xd3y
〈δ(x)δ(y)〉
|x− y|
∝
∫
∞
0
d3r
ξ(r)
r
∝
∫
∞
0
dk
k
kP (k)
(10)
This energy reaches equipartition (i.e., contributes same
amount per logarithmic band of scales) when P (k) ∝
k−1. The same result holds for kinetic energy if the mo-
tion is dominated by scale invariant radial flows. Our
result suggests that gravitational power transfer evolves
towards this equipartition. In principle, this k depen-
dence of the power spectrum is determined by Eq.(4); but
analytical understanding of this equation is more difficult
since the solution depends on the phases of φk which do
not contribute to the power spectrum. This issue is under
investigation.
We thank J.S. Bagla for useful discussions and com-
ments on the draft. One of us (S.R.) thanks Arnab
Ray for useful comments. Numerical experiments for
this study were carried out at the cluster comput-
ing facility in the Harish-Chandra Research Institute
(http://cluster.mri.ernet.in).
5[1] P.J.E. Peebles: Large Scale Structure of the Universe
(Princeton University Press, New Jersey, 1980).
[2] T. Padmanabhan, astro-ph/0511536.
[3] T. Padmanabhan: Physics Reports 188, 285 (1990); ApJ
Supp. 71, 651 (1989) [astro-ph/0206131].
[4] Ya.B. Zeldovich, A&A 5, 84,(1970); S. N. Gurbatov et al,
MNRAS 236, 385 (1989); T.G. Brainerd et al., ApJ 418,
570 (1993); S. Matarrese et al., MNRAS 259, 437-452
(1992); J.S. Bagla, T. Padmanabhan, MNRAS 266, 227
(1994) [gr-qc/9304021]; T. Padmanabhan, S. Engineer,
ApJ 493, 509 (1998) [astro-ph/9704224]; S. Engineer et
al., MNRAS 314, 279 (2000) [astro-ph/9812452]; for a
recent review, see T. Tatekawa [astro-ph/0412025].
[5] T. Buchert, MNRAS 267, 811 (1994); P. Valageas, A&A
382, 477 (2001); A&A 379, 8 (2001).
[6] A.J.S. Hamilton et al., ApJ 374, L1 (1991);
T. Padmanabhan et al., ApJ 466, 604 (1996)
[astro-ph/9506051]; D. Munshi et al., MNRAS 290,
193 (1997) [astro-ph/9606170]; J.S. Bagla et.al., ApJ
495, 25 (1998) [astro-ph/9707330]; N. Kanekar et
al., MNRAS 324, 988 (2001) [astro-ph/0101562]; R.
Nityananda, T. Padmanabhan, MNRAS 271, 976 (1994)
[gr-qc/9304022]; T. Padmanabhan, MNRAS 278, L29
(1996) [astro-ph/9508124].
[7] S. Chandrasekhar: An Introduction to the Study of Stel-
lar Structure (Dover, 1939).
[8] J.S. Bagla, Journal of Astrophysics and Astronomy 23,
185 (2002) [astro-ph/9911025].
[9] J.S. Bagla, S. Ray, New Astronomy 8, 665 (2003).
[10] S. Ray, J.S. Bagla, astro-ph/0405220.
[11] J.S. Bagla and T. Padmanabhan, MNRAS 286, 1023
(1997).
[12] A.A. Klypin and A.L. Melott, ApJ 399, 397 (1992).
